Abstract. In this note, we work out the dimension of the subspace of base-change forms and their twists inside the space of Bianchi modular forms with fixed (Galois stable) level and weight. The formulae obtained here have been used for the numerical experiments of [1] . Extended versions of the formulae obtained in this note, treating CM-forms and spaces with non-trivial nebentypus, will be employed in the upcoming paper [3] .
Setting
Let K = Q( √ −D) be an imaginary quadratic field. Let f ∈ S k (Γ 0 (N )) be classical newform. To such an object one attaches an irreducible automorphic representation π := π f of GL 2 (A Q ). One then has the so-called Base Change operator:
We would like to understand how the base change operator affects the level of an automorphic representation. We will in fact restrict our attention to the 2-dimensional case (which will in turn force us to consider the 1-dimensional case as well).
Let π ∈ A n (Q). One can write it as a restricted tensor product of local ones π p ∈ A n (Q p ), where p runs through all finite primes and infinity. It is well-known that Base-Change is compatible with taking local components, i.e for every rational prime p and every prime p of K above it we have:
In light of this it is enough to examine what happens at each prime individually. This allows us to freely exploit the local Langlands correspondence throughout this note. In fact the base change operator is the one that corresponds on the restriction operation (locally and globally)
on n-dimensional Weil-Deligne representations. We will denote by Art F : W F → F × the local Artin map of local class field theory. Then the local Langlands correspondence in the 1-dimensional case is composition with Art −1 F . Going back to the automorphic side, if p is finite then one has the following classification of the types of the π p that can occur:
• Principal series PS(χ 1 , χ 2 ), where χ i ∈ A 1 (Q p ) and χ 1 /χ 2 = ||.|| ±1 . The corresponding Weil-Deligne representation W D(π p ) = (ρ p , N p ) is in this case split (decomposable), i.e. ρ p ∼χ 1 ⊕χ 2 and N p = 0, whereχ i is the corresponding character of the Weil Group, i.e. χ = χ • Art p . We will study this type in Section 3.1. • Special S(χ||.||, χ), where χ ∈ A 1 (Q p ). The corresponding local Galois representation is in this case reducible but not decomposable: ρ πp ∼χ||.|| ⊕χ and N = 0 1 0 0 . This will be the subject of Section 3.2.
• Supercuspidal, which is all the rest. We will describe this type in more detail in section Section 3.3. Let now p be a rational prime and p a prime in K above it. We have the following:
This trivial observation tells us that α(ρ| Ip ) = α(ρ| Ip ) for all the unramified primes p in K and therefore the conductor stays the same at these primes. Lets examine what happens for the ramified primes in K whose (finite) set we will denote by R K . In what follows, we will assume for simplicity that 2 is unramified in K. We treat first the case n = 1, and then in the following three sections we treat the case n = 2, one type at a time. We then finish with some dimension formulae for spaces of modular forms of a given type. In the future, we will also consider the Automorphic Induction operator and spaces with non-trivial Nebentypus.
The case n = 1
We will work out this case not just for quadratic extensions of Q p but for any quadratic extension E/F of local fields over Q p . Let χ ∈ A 1 (F ). Let p F and p E be the primes in O F and O E respectively such that p E |p F |p. We then have an explicit description of the Base Change operator thanks to local class field theory: BC
Recall that the conductor of a character η of F * is the smallest integer such that η| U i F is trivial, with U i F defined as:
Clearly if χ is unramified, then BC E F (χ) is unramified too. Assume that χ is tamely ramified (and therefore p > 2). It then factors through the quotient O * 
Remark 3. Bushnell and Henniart use the term level, which is equal to the conductor minus 1.
Putting everything together:
Remark 5. Notice that this proposition covers the conductor at all primes of K, not just the ramified ones. As we expected, the conductor does not change at the unramified ones though.
3.
Combining this with the conductor formula
for principal series one then reduces the problem to the 1-dimensional case that we just treated in the previous Section.
3.2. The Special case. In this case π p is a (twisted) Steinberg representation S(χ||.||, χ) = χ ⊗ St parametrized by one Hecke character χ ∈ A 1 (Q p ). We have the following conductor formula:
In order to understand base change in this case we will exploit the Galois side. The base change corresponds to restriction there and therefore it is easy to see that:
Since the same dimension formula applies for the RHS, we have again reduced the problem to one in the 1-dimensional case.
3.3. The Supercuspidal case. In this case π p is none of the previous types. Since we have the ongoing assumption that p > 2, all these local automorphic representations are parametrized by pairs (E, θ) where E/Q p is quadratic and θ ∈ A 1 (E)\ BC E Qp (A 1 (Q)). We also get that the corresponding Galois representation looks like
We will writeθ for θ • Art p . Base change corresponds to restriction on the Galois side so we want to examine the conductor of Res 
Here σ is a generator of Gal(K p /Q p ) andθ σ (x) =θ(g −1 xg), for all x ∈ G p and g ∈ G p a lift of σ. Notice that since K p /Q p is ramified we have that I p ⊆ G p so we can pick g to be in I p .
Let's treat the first case. The conductor of the representation in the Galois side is equal to α(θ) + α(θ σ ). We also havethat α(θ) = α(θ σ ) so we get that:
Qp (π p )) = 2α(θ). For the second case we employ [5, Theorem 8.2] which gives the following formula:
Translating it into a statement on the automorphic side gives:
The conductor on the RHS can then be computed using the formula obtained for the 1-dimensional case.
Dimension formulae for spaces of fixed type
Let N be a positive integer. We will denote the automorphic forms of level
(n) will denote the automorphic forms over K of level n, where n is an ideal of O K .
Assume for simplicity that K be an imaginary quadratic field with odd discriminant d = disc(K/Q) and that N is a square-free positive integer that is coprime to 2,bc (K, k) is at most two-to-one. Remark 7. Assume that ℓ = disc(K/Q) is prime. In this special case, the elliptic modular form associated to π ∈ B
depending on whether π ℓ has type 1, 2 or 3 as above. The base change map is one-to-one on the subset of π's with local type 1 at ℓ, and is two-to-one on the subset of π ′ s with local type 2 or 3 at ℓ.
To compute the dimensions of spaces of elliptic modular forms corresponding to π with the local conditions as above, we use a formula (see [4, Proposition 4.18.] ) that computes the multiplicity of any given representation of SL 2 (Z/N Z) in the space S k (Γ(N )) of elliptic modular forms of weight k for the principal congruence subgroup of level N . 
